Abstract. We study Hom-quantum groups, their representations, and module Hom-algebras. Two Twisting Principles for Hom-type algebras are formulated, and construction results are proved following these Twisting Principles. Examples include Hom-quantum n-spaces, Hom-quantum enveloping algebras of Kac-Moody algebras, Hom-Verma modules, and Hom-type analogs of Uq(sl 2 )-module-algebra structures on the quantum planes.
Introduction
This paper is part of an on-going effort [52] - [56] to study twisted, Hom-type generalizations of quantum groups, the Yang-Baxter equations (YBEs) [3, 4, 38, 43, 44, 46] , and related algebraic structures. We use the name Hom-quantum groups colloquially to refer to Hom-type generalizations of quantum groups, i.e., bialgebras, possibly with additional structures. Roughly speaking, quantum group theory involves the study of bialgebras and Hopf algebras that are not-necessarily commutative or cocommutative. Hom-quantum groups extend quantum groups by introducing non-(co)associativity, and the level of non-(co)associativity is controlled by a certain twisting map α (= the "Hom" in Hom-quantum groups). For example, the Hom-quantum enveloping algebras (Examples 2.9 and 2.10) and the FRT Hom-quantum groups (section 4 in [56] ) are all simultaneously non-associative, non-coassociative, non-commutative, and non-cocommutative.
Some important properties of quantum groups have been shown to have counterparts in the setting of Hom-quantum groups. For example, it is well-known that each module over a quasitriangular bialgebra [8] has a canonical solution of the YBE. In the world of Hom-quantum groups, for a quasi-triangular Hom-bialgebra whose Hom-braiding element is α-invariant, there is a canonical solution of the Hom-Yang-Baxter equation (HYBE) [52, 53] associated to each module [55] . There is a similar statement for the dual objects of comodules over suitable cobraided Hom-bialgebras [56] . Likewise, quantum geometry (in particular, quantum group coactions on the quantum planes) has been generalized to what we call Hom-quantum geometry, which involves Hom-quantum group coactions on the Hom-quantum planes (section 7 in [56] ).
The purpose of this paper is to advance the study of Hom-quantum groups (that is, Hombialgebras, possibly with additional structures) and their representations, as initiated in [55, 56] . We also consider module Hom-algebras and Hom-quantum geometry on the Hom-quantum planes. This paper subsumes the earlier preprint [50] . Below is a description of the rest of this paper.
In section 2 we formulate the Twisting Principles 2.5 for Hom-type algebras, which we will use as a guide throughout the rest of this paper. The first Twisting Principle says that an ordinary algebraic structure can be twisted into a corresponding type of Hom-algebraic structure via suitable endomorphisms. The first example of the first Twisting Principle was considered by the author in [48] . It is by now ubiquitous in the study of Hom-type objects; see the discussion after the Twisting Principles. The second Twisting Principle says that a Hom-type algebra, without any additional data, can be twisted along its own twisting map to give a derived Hom-type algebra. Moreover, the second Twisting Principle can often be applied repeatedly, so a Hom-type algebra gives rise to a derived sequence of Hom-type algebras. We prove instances of the Twisting Principles 2.5 for Hom-(co)associative (co)algebras and Hom-bialgebras (Theorems 2.6 and 2.11). As examples, we construct multi-parameter classes of (fermionic) Hom-quantum n-spaces (Examples 2.7 and 2.8) and of Hom-quantum enveloping algebras of complex semisimple Lie algebras and of Kac-Moody algebras (Examples 2.9 and 2.10). These Hom-quantum enveloping algebras are all simultaneously non-associative, non-coassociative, non-commutative, and non-cocommutative.
In section 3 we consider quasi-triangular and cobraided Hom-bialgebras. These Hom-quantum groups were introduced in [55, 56] , where a version of the first Twisting Principle was proved in each case. Quasi-triangular and cobraided Hom-bialgebras are the Hom-type analogs of Drinfel'd's quasi-triangular bialgebras [8] and of cobraided bialgebras [16, 25, 31, 41] . As shown in [55, 56] , modules over quasi-triangular Hom-bialgebras and comodules over cobraided Hom-bialgebras are related to solutions of the HYBE [52, 53] . We establish the second Twisting Principle for quasitriangular and cobraided Hom-bialgebras (Theorems 3.4 and 3.6). In particular, a quasi-triangular Hom-bialgebra gives rise to a derived sequence (a double-sequence if the twisting map is surjective) of quasi-triangular Hom-bialgebras. Likewise, a cobraided Hom-bialgebra gives rise to a derived sequence (a double-sequence if the twisting map is injective) of cobraided Hom-bialgebras.
In section 4 we study modules over Hom-(co)associative (co)algebras. We establish the second Twisting Principle 2.5 for modules over a Hom-associative algebra (Corollary 4.4). It says that each module over a Hom-associative algebra gives rise to a derived double-sequence of modules over derived Hom-associative algebras. For the first Twisting Principle, we show that given a module over an associative algebra, each suitable pair of morphisms gives rise to a derived double-sequence of modules over Hom-associative algebras (Theorem 4.5). As examples, we construct multi-parameter classes of finite-dimensional modules over the Hom-quantum enveloping algebras U q (sl n ) α of sl n (Examples 4.8 and 4.10). We also construct a multi-parameter class of infinite-dimensional HomVerma modules over the Hom-quantum enveloping algebra U q (sl 2 ) α of sl 2 (Example 4.9). The Twisting Principles for comodules over Hom-coassociative coalgebras are stated at the end of section 4 (Theorems 4.11 and 4.12).
In section 5 we study module Hom-algebras, which are the Hom-type analogs of module-algebras. If H is a Hom-bialgebra, then an H-module Hom-algebra is a Hom-associative algebra A together with an H-module structure, satisfying the module Hom-algebra axiom (5.1.1). We give an alternative characterization of the module Hom-algebra axiom in terms of the multiplication on A (Theorem 5.4). Then we establish the Twisting Principles for module Hom-algebras (Theorems 5.5 and 5.6). We use the results on module Hom-algebras to study Hom-quantum geometry on the Hom-quantum planes. In Example 5.7 we construct a multi-parameter family of U q (sl 2 ) α -module Hom-algebra structures on the Hom-quantum planes, generalizing the well-known U q (sl 2 )-module-algebra structure on the quantum plane [37] that is defined in terms of the quantum partial derivatives (5.7.3). In Example 5.8 we construct Hom-type analogs of a non-standard U q (sl 2 )-module-algebra structure on the quantum plane [9] .
The Twisting Principles and Hom-quantum groups
In this section, we construct some specific examples of Hom-quantum groups. Although our main interest is in Hom-quantum groups, our construction results work more generally. We state the Twisting Principles 2.5, which we use as a guide throughout the rest of this paper. As examples of the Twisting Principles, we construct classes of Hom-(co)associative (co)algebras and Hom-bialgebras (Theorems 2.6 and 2.11).
To illustrate these results, we provide several examples related to the quantum n-spaces and the quantum enveloping algebras. In Example 2.7, we construct a multi-parameter class of Homquantum n-spaces A n|0 q,α , which are the Hom-type analogs of the quantum n-spaces A n|0 q . We also consider the fermionic version of the Hom-quantum n-spaces (Example 2.8). Next, we construct a multi-parameter, uncountable family of Hom-bialgebra deformations of the Drinfel'd-Jimbo quantum group U q (g) (Example 2.9), where g is any complex semisimple Lie algebra of type A, D, or E. More generally, we construct a multi-parameter, uncountable family of Hom-bialgebra deformations of the quantum Kac-Moody algebra U h (g), where g is any symmetrizable Kac-Moody algebra (Example 2.10).
Conventions and notations.
We work over a fixed associative and commutative ring k of characteristic 0. Modules, tensor products, and linear maps are all taken over k.
Given a bilinear map µ : V ⊗2 → V and elements x, y ∈ V , we often write µ(x, y) as xy. For a map ∆ : V → V ⊗2 , we use Sweedler's notation [45] for comultiplication:
If α : V → V is a self-map of a module V and n ≥ 0, then α n denotes the n-fold composition α • · · · • α of copies of α, with α 0 ≡ Id V .
2.2.
A brief history of Hom-type algebras. Hom-type algebras first appeared in the form of Hom-Lie algebras [15] , which satisfy an α-twisted version of the Jacobi identity. Hom-Lie algebras are closely related to deformed vector fields [1, 15, 27, 28, 29, 39, 42] and number theory [26] . Homassociative algebras were introduced in [33] to construct Hom-Lie algebras using the commutator bracket. The universal Hom-associative algebra of a Hom-Lie algebra was studied in [47] . It was further shown in [49] that a unital version of the universal Hom-associative algebra has the structure of a Hom-bialgebra. Variations of Hom-Lie and Hom-associative algebras were studied in [11] . Some classification results about Hom-associative algebras can be found in [12, 13] . The authors of [5] constructed Hom-(co)associative (co)algebras and Hom-bialgebras with bijective twisting maps as (co)algebras and bialgebras in a certain tensor category. Other papers about Hom-type structures are [2] , [18] , [22] , [32] - [36] , [48] , and [50] - [56] .
Definition 2.3.
(1) A Hom-associative algebra [33] (A, µ, α) consists of a k-module A, a bilinear map µ : A ⊗2 → A (the multiplication), and a linear self-map α : A → A (the twisting map) such that:
A morphism of Hom-associative algebras is a linear map of the underlying k-modules that commutes with the twisting maps and the multiplications.
(2) A Hom-coassociative coalgebra [34, 36] (C, ∆, α) consists of a k-module C, a linear map ∆ : C → C ⊗2 (the comultiplication), and a linear self-map α : C → C (the twisting map)
such that:
A morphism of Hom-coassociative coalgebras is a linear map of the underlying k-modules that commutes with the twisting maps and the comultiplications. (3) A Hom-bialgebra [34, 49] is a quadruple (H, µ, ∆, α) in which (H, µ, α) is a Hom-associative algebra, (H, ∆, α) is a Hom-coassociative coalgebra, and the following condition holds:
A morphism of Hom-bialgebras is a linear map of the underlying k-modules that commutes with the twisting maps, the multiplications, and the comultiplications.
In terms of elements, (2.3.3) means that
for all a, b ∈ H. This compatibility condition also holds in any bialgebra. When there is no danger of confusion, we will denote a Hom-associative algebra (A, µ, α) simply by A. The same remark applies to other Hom-type objects.
Remark 2.4. In our definitions of a Hom-(co)associative (co)algebra and of a Hom-bialgebra, we require that the twisting map α be (co)multiplicative. The original definition of a Hom-associative algebra in [33] does not have this multiplicativity assumption. We require multiplicativity in our Hom-type algebras because in all of our examples, the twisting maps are already multiplicative. Also the (co)multiplicativity condition is necessary for the second Twisting Principle for Hom-(co)associative (co)algebras and Hom-bialgebras (Theorem 2.11).
Observe that a Hom-bialgebra is neither associative nor coassociative, unless of course α = Id, in which case we have a bialgebra. Instead of (co)associativity, in a Hom-bialgebra we have Hom-
So, roughly speaking, the degree of non-(co)associativity in a Hom-bialgebra is measured by how far the twisting map α deviates from the identity map.
One can think of a Hom-type algebra as an algebraic structure equipped with a twisting map α, satisfying an α-twisted version of the usual axioms. Then it makes sense that an ordinary algebra can be twisted into a Hom-type algebra via a suitable self-map. Moreover, one should be able to twist a Hom-type algebra along its own twisting map to obtain another Hom-type algebra. We state these ideas as follows.
Twisting Principles 2.5.
( We refer to these statements as the first and the second Twisting Principles. In practice, one has to be careful about the definition of a "self-map" and about how and which parts of the structures of A are twisted by α, especially in the second Twisting Principle. We will make precise both Twisting Principles for various algebraic structures. The Twisting Principles are our main tool in constructing examples of Hom-type objects.
The first Twisting Principle allows one to construct many examples of Hom-type objects from ordinary ones and suitable endomorphisms. It is a standard tool in the study of Hom-type objects. In fact, most concrete examples of Hom-type algebras in the literature are constructed using the first Twisting Principle. It was introduced by the author in [48] (Theorem 2.3), where it is shown, in particular, that associative and Lie algebras can be twisted into Hom-associative and Hom-Lie algebras via algebra endomorphisms. It has since been employed by various authors. See, for example, [1] (Theorem 2.7), [2] (Theorems 1.7 and 2.6), [12] (Section 2), [13] (Proposition 1), [32] (Theorems 2.1 and 3.5), [36] (Theorem 3.15 and Proposition 3.30), and [49] - [56] .
Unlike the first Twisting Principle, the second Twisting Principle says that a Hom-type structure can be twisted into another Hom-type structure without any additional data. Moreover, it can be iterated ad infinitum. In fact, it can be applied to the derived Hom-type object A 1 to obtain a second derived Hom-type object A 2 , and so forth. We will see several explicit cases of the second Twisting Principle later in this paper.
The following result illustrates the first Twisting Principle for (co)associative algebra and bialgebras.
Theorem 2.6 ( [36, 48, 49] ). Let (A, µ) be an associative algebra, (C, ∆) be a coassociative coalgebra, and (H, µ, ∆) be a bialgebra.
where
Proof. As mentioned above, it was proved in [48] (Theorem 2.3) that A α = (A, µ α , α) is a Homassociative algebra. Indeed, the Hom-associativity axiom
to α 2 applied to the associativity axiom of µ. Likewise, both sides of the multiplicativity axiom
Dualizing the previous arguments [36] , one checks that
is a Hom-coassociative coalgebra. For the last assertion, the compatibility condition (2.3.3) for ∆ α = ∆ • α and µ α = α • µ is equal to α 2 ⊗ α 2 followed by (2.3.3), which holds in any bialgebra.
Using Theorem 2.6 we now discuss the (fermionic) Hom-quantum n-spaces and the Hom-quantum enveloping algebras of semisimple Lie algebras and, more generally, Kac-Moody algebras.
Example 2.7 (Hom-quantum n-spaces). In this example, we construct Hom versions of quantum n-spaces, which are themselves quantum analogs of affine spaces. Fix a non-zero scalar q ∈ k \ {±1} and an extended integer n ∈ {2, 3, . . . , ∞}. Suppose x i for 1 ≤ i ≤ n (or x i for all i ≥ 1 if n = ∞) are independent variables. Let k{x r } n r=1 be the unital associative algebra generated by these variables.
The quantum n-space is defined as the quotient
The relation x j x i = qx i x j for i < j is called the quantum commutation relation. In particular, A n|0 q is non-commutative. When n = 2, we use x = x 1 and y = x 2 , and call
k{x, y} (yx − qxy) the quantum plane. We will apply Theorem 2.6 to the quantum n-spaces with the following algebra morphisms.
Since f is order-preserving, the map α preserves the quantum commutation relation whenever i < j, so α is a well-defined algebra morphism.
By Theorem 2.6 we have a Hom-associative algebra
where µ α = α • µ with µ the multiplication in A n|0 q . We refer to the Hom-associative algebras A n|0 q,α as the Hom-quantum n-spaces and A
2|0
q,α as the Hom-quantum planes. Since α depends on the scalars λ m and the function f , we have thus constructed a multi-parameter family {A n|0 q,α } of Hom-quantum n-spaces. We recover the quantum n-space A n|0 q by taking f (i) = i for all i and λ m = 1 for all m. We will revisit the Hom-quantum planes in Examples 5.7 and 5.8 when we discuss their Hom-quantum geometry.
Example 2.8 (Fermionic Hom-quantum n-spaces). In this example, we consider a fermionic version of the Hom-quantum n-spaces (2.7.2). We use the same notations as in Example 2.7. The fermionic quantum n-space is defined as the unital associative algebra
The relation, x j x i = −qx i x j for i < j, is called the fermionic quantum commutation relation. Unlike the quantum n-space A n|0 q , the fermionic quantum n-space is finite-dimensional whenever n < ∞. We can define an algebra morphism α : A 0|n q → A 0|n q exactly as in (2.7.1). This map is well-defined because it clearly preserves the relations x 2 i = 0 for all i and the fermionic quantum commutation relation. By Theorem 2.6 we have a Hom-associative algebra
which we refer to as a fermionic Hom-quantum n-space. The collection {A 0|n q,α } is a multiparameter family of Hom-associative algebra deformations of the fermionic quantum n-space. We recover the fermionic quantum n-space A 0|n q by taking f (i) = i for all i and λ m = 1 for all m. Example 2.9 (Hom-quantum enveloping algebras of semisimple Lie algebras). Fix an invertible scalar q ∈ C with q = ±1. Let g be a complex semisimple Lie algebra of type A n , D n , E 6 , E 7 , or E 8 . Here we construct a multi-parameter, uncountable family of Hom-quantum groups U q (g) α from the quantum enveloping algebra U q (g) using Theorem 2.6. The reader is referred to, e.g., [19, 20] for the classification of complex semisimple Lie algebras and discussions about Cartan matrices. For example, the Lie algebra of type A n is sl n+1 , so in particular the case A 1 is sl 2 .
Let us first recall the bialgebra structure of the Drinfel'd-Jimbo quantum enveloping algebra U q (g) [7, 8, 21] . The restriction on the type of g implies that the Cartan matrix (a ij ) n i,j=1 of g is symmetric positive-definite with a ii = 2 for all i and a ij ∈ {0, −1} if i = j. The quantum group U q (g) is generated as a unital associative algebra by 4n generators
with relations:
Here the bracket is the commutator bracket, [x, y] = xy − yx, and [2] q = q + q −1 . The comultiplication on U q (g) is defined on the algebra generators by
For example, for n ≥ 1 the Cartan matrix for sl n+1 , which is of type A n , is (a ij ) n i,j=1 with
In particular, when n = 1 the Cartan matrix for sl 2 has only one entry, namely, a 11 = 2. In this case, the last two lines in (2.9.1) are irrelevant. So U q (sl 2 ) is generated as a unital associative algebra by E, F , K, and K −1 , satisfying the relations
To use Theorem 2.6 on the bialgebra U q (g), we need bialgebra morphisms on U q (g), which can be constructed as follows. For each i = 1, . . . , n, pick an invertible scalar λ i ∈ C and consider the map α λ : U q (g) → U q (g) defined on the generators by
It is immediate to check that α λ preserves all the relations in (2.9.1) and (2.9.2), so α λ is a bialgebra automorphism on U q (g). By Theorem 2.6 there is a Hom-bialgebra
where µ α λ = α λ • µ with µ the multiplication in U q (g) and ∆ α λ = ∆ • α λ . We refer to U q (g) α λ as a Hom-quantum enveloping algebra of g. The collection {U q (g) α λ : λ 1 · · · λ n = 0} is an n-parameter, uncountable family of Hom-bialgebra deformations of the quantum group U q (g). We recover U q (g) by taking λ i = 1 for all i. When λ i = 1 for at least one i (i.e., α λ = Id), the Hom-quantum enveloping algebra U q (g) α λ is simultaneously non-associative, non-coassociative, noncommutative, and non-cocommutative.
We will revisit the Hom-quantum enveloping algebras U q (sl n ) α λ in section 4, where we will construct Hom-type modules over them. Moreover, in Example 5.7 we will discuss Hom-quantum geometry on the Hom-quantum planes A 2|0 q,α (Example 2.7) as they are act upon by the Hom-quantum enveloping algebras U q (sl 2 ) α λ .
Example 2.10 (Hom-quantum Kac-Moody algebras). In this example, we construct multiparameter, uncountable classes of Hom-quantum enveloping algebras of symmetrizable Kac-Moody algebras. The reader is referred to [23] for detailed discussions on Kac-Moody algebras and to [7, 8, 21] for the Drinfel'd-Jimbo quantum enveloping algebra U h (g). Other expositions on U h (g) can be found in the books [6, 10] .
Let g be a symmetrizable Kac-Moody Lie algebra with Cartan matrix A = (a ij ) n i,j=1 . Let us first recall the bialgebra structure on U h (g). Let D = diag(d 1 , . . . , d n ) be the diagonal matrix whose entries are relatively prime non-negative integers such that DA is symmetric. Let h be a formal variable and C[[h]] be the topological complex power series algebra over h with the h-adic topology.
, and
The q i -binomial coefficient in (2.10.1) is defined as follows:
The comultiplication on U h (g) is defined on the topological generators by
To use Theorem 2.6 on the quantum Kac-Moody algebra U h (g), we proceed essentially as in the previous example. For each i = 1, . . . , n, pick an invertible element p i ∈ C[[h]], i.e., p i is a complex power series in h with non-zero constant term. Consider the
It is easy to see that α p preserves all the relations in (2.10.1) and (2.10.3), so α p is a bialgebra automorphism on U h (g). By Theorem 2.6, there is a Hom-bialgebra where µ is the multiplication on U h (g), µ α = α p • µ, and ∆ α = ∆ • α p . The collection {U h (g) αp } is an n-parameter, uncountable family of Hom-bialgebra deformations of the quantum Kac-Moody algebra U h (g). We recover U h (g) from U h (g) αp when all n parameters {p i } n i=1 are equal to 1. When at least one p i = 1, the Hom-bialgebra U h (g) αp is simultaneously non-associative, non-coassociative, non-commutative, and non-cocommutative.
The following result is the second Twisting Principle 2.5 for Hom-(co)associative (co)algebras and Hom-bialgebras. It says that each Hom-(co)associative (co)algebra (or Hom-bialgebra) gives rise to a derived sequence of Hom-(co)associative (co)algebras (or Hom-bialgebras) with twisted (co)multiplications and twisting maps.
Theorem 2.11. Let (A, µ, α) be a Hom-associative algebra, (C, ∆, α) be a Hom-coassociative coalgebra, and (H, µ, ∆, α) be a Hom-bialgebra. Then for each integer n ≥ 0:
Proof. Consider the first assertion. Note that
Therefore, by an induction argument, it suffices to prove the case n = 1. In other words, we need to check the two axioms (2.3.1) with µ (1) and α 2 . First, the multiplicativity for
This is true by the following commutative diagram:
The two rectangles on the left are commutative by the multiplicativity in A, and the right rectangle is trivially commutative.
Next, the Hom-associativity for A 1 says
The composition along the left and then the bottom edges is the left-hand side in (2.11.1). The composition along the top and then the right edges is the right-hand side in (2.11.1). The upper left rectangle is commutative by the Hom-associativity in A. The lower left and the upper right rectangles are commutative by the multiplicativity in A. The lower right rectangle is trivially commutative. We have shown that A 1 is a Hom-associative algebra, as desired.
The second assertion, that each C n is a Hom-coassociative coalgebra, is proved by the exact dual argument. Indeed, for the case C 1 , simply invert the arrows and replaces µ by ∆ in the two commutative diagrams above. Then an induction argument proves the assertion because, as above,
For the last assertion, since H 0 = H and H (n+1) = (H n ) 1 as before, by an induction argument it suffices to prove the case n = 1. From the first two assertions, we already know that H 1 is both a Hom-associative algebra and a Hom-coassociative coalgebra. Thus, it remains to show the compatibility condition (2.3.3) for µ (1) and ∆ (1) , which says
where (2 3) is the abbreviation for Id ⊗ τ ⊗ Id (permuting the middle two entries). The condition (2.11.3) holds by the following commutative diagram:
Along the left and the bottom edges of the big rectangle, the composition is the left-hand side of (2.11.3). Along the top and the right edges of the big rectangle, the composition is the right-hand side of (2.11.3). The left square is commutative by the multiplicativity in H twice, and the upper middle rectangle is commutative by the comultiplicativity in H twice. The bottom right rectangle is commutative by the compatibility between µ and ∆ in H, i.e., (2.3.3). The upper right rectangle is trivially commutative.
In the context of Theorem 2.11, we call
n ) the nth derived Hom-bialgebra of H. Theorem 2.11 will be used several times in the next few sections.
Some remarks are in order.
Remark 2.12.
(1) In the proofs of the Hom-associativity in A 1 (2.11.2) and of the compatibility condition in H 1 (2.11.4), the (co)multiplicativity of α with respect to µ and ∆ is crucial.
This is one reason why we insist on the (co)multiplicativity condition in the definition of a Hom-(co)associative (co)algebra, even though it was not part of the original definition in [33, 36] (2) Theorem 2.11 has obvious analogs for G-Hom-(co)associative (co)algebras [34, 36] with essentially the same formulations, provided the twisting map α is assumed to be (co)multiplicative.
Here G is any subgroup of the symmetric group on 3 letters. These objects are the Homtype analogs of the G-(co)associative (co)algebras in [14] . In particular, the second Twisting Principle 2.5 applies to Hom-Lie and Hom-Lie-admissible Hom-(co)algebras. It is also not hard to check that there are analogs of Theorem 2.11 for Hom-Novikov algebras [18, 51] , Hom-alternative algebras [32] , and Hom-Lie bialgebras [54] . (3) If we first use Theorem 2.6 (the first Twisting Principle) and then Theorem 2.11 (the second Twisting Principle), we actually obtain a special case of Theorem 2.6. Indeed, suppose (A, µ) is an associative algebra and α : A → A is an algebra morphism. Applying Theorem 2.11 to the Hom-associative algebra A α = (A, µ α = α • µ, α) in Theorem 2.6, we obtain
In other words, we have (A α ) 1 = A α 2 , which is Theorem 2.6 for α 2 . Inductively, we have
for all n. Similar remarks apply to coassociative coalgebras and bialgebras. (4) On the other hand, there are examples of Hom-associative algebras and Hom-bialgebras that are not of the form A α , in which case Theorem 2.11 produces Hom-associative algebras and Hom-bialgebras that cannot be obtained from Theorem 2.6. For example, the free Homassociative algebra generated by a non-zero module [49] and the universal enveloping Hombialgebra of a Hom-Lie algebra [47, 49] are not of the form A α . In fact, in A α = (A, µ α , α) (as in Theorem 2.6), the image of the multiplication µ α = α • µ is contained in that of α. So given a Hom-associative algebra (or a Hom-bialgebra), as long as the image of its multiplication is not contained in that of its twisting map α, the Hom-associative algebra (or the Hom-bialgebra) in question is not of the form A α .
Quasi-triangular and cobraided Hom-bialgebras
The purpose of this section is to establish the second Twisting Principle 2.5 for quasi-triangular and cobraided Hom-bialgebras. They are Hom-type analogs of Drinfel'd's quasi-triangular bialgebras [8] and of the dual objects of cobraided bialgebras [16, 25, 31, 41] . These Hom-quantum groups were first studied in [55, 56] , where the first Twisting Principle was established for them and where many examples can be found.
To define quasi-triangular Hom-bialgebras, we need the following notion of units from [12] . Definition 3.1.
(1) Let (A, µ, α) be a Hom-associative algebra. A weak unit [12] of A is an element c ∈ A such that α(x) = cx = xc for all x ∈ A. In this case, we call (A, µ, α, c) a weakly unital Hom-associative algebra. is a Hom-bialgebra, c is a weak unit of (H, µ, α), and R ∈ H ⊗2 satisfies the following three axioms:
for all x ∈ H, where ∆ op = τ • ∆ and the elements R 12 , R 13 , and R 23 are defined in (3.1.1). We call R the Hom-braiding element of H.
In the axioms (3.3.1), the multiplication is done in each tensor factor. Thus, with R = s i ⊗ t i ∈ H ⊗2 , the three axioms in (3.3.1) can be restated respectively as:
where ∆(
The following result is the second Twisting Principle 2.5 for quasi-triangular Hom-bialgebras. It says that each quasi-triangular Hom-bialgebra gives rise to a derived sequence of quasi-triangular Hom-bialgebras with twisted (co)multiplications and twisting maps. If, in addition, the twisting map α is surjective, then there is a derived double-sequence of quasi-triangular Hom-bialgebras, where the Hom-braiding elements are also twisted. 
is a quasi-triangular Hom-bialgebra for each integer
Proof. Consider the first assertion. By Theorem 2.11 we already know that H n is a Hom-bialgebra.
As in the proof of Theorem 2.11, since H 0 = H and H n+1 = (H n ) 1 , by an induction argument it suffices to prove the case n = 1. In other words, we need to show that c is a weak unit of H 1 and that the axioms (3.3.1) are satisfied in H 1 .
To see that c is a weak unit of H 1 , pick any element x ∈ H. With µ written as concatenation, we compute as follows:
This proves that c is still a weak unit of H 1 . It remains to prove the three axioms (3.3.1) for H 1 .
The axiom (3.3.1a) for H 1 says
where the right-hand side means applying µ (1) = α • µ in each of the three tensor factors. With R = s i ⊗ t i , we compute as follows:
In the third equality above, we used the axiom (3.3.1a) for H. Likewise, the axiom (3.3.1b) for
This is true by the following computation:
In the second equality above, we used the axiom (3.3.1b) for H. Finally, the axiom (3.
In the second equality above, we used the axiom (3.3.1c) for H, applied to the element α(x). We have shown that H 1 is a quasi-triangular Hom-bialgebra. By the remark in the first paragraph of this proof, we have proved the first assertion of the Theorem.
Next consider the second assertion of the Theorem. It is proved in [55] (Theorem 3.3) that for a quasi-triangular Hom-bialgebra H with α surjective, the object
quasi-triangular Hom-bialgebra for each k ≥ 0. Now apply the first assertion to H 0,k , and observe
Now we consider the dual objects of cobraided Hom-bialgebras.
Definition 3.5. A cobraided Hom-bialgebra [56] is a quintuple (H, µ, ∆, α, R) in which (H, µ, ∆, α) is a Hom-bialgebra and R is a bilinear form on H (i.e., R ∈ Hom(H ⊗2 , k)), satisfying the following three axioms:
, and (3.5.1b)
Here (2 3), (2 3 4), and (1 2 3) mean permutations of the tensor factors. We call R the Homcobraiding form of H.
In terms of elements x, y, z ∈ H, the three axioms (3.5.1) can be restated respectively as:
R(x 1 ⊗ α(z))R(x 2 ⊗ α(y)), and (x)(y)
The following result is the second Twisting Principle 2.5 for cobraided Hom-bialgebras. It says that each cobraided Hom-bialgebra gives rise to a derived sequence of cobraided Hom-bialgebras with twisted (co)multiplications and twisting maps. If, in addition, the twisting map α is injective, then there is a derived double-sequence of cobraided Hom-bialgebras, where the Hom-cobraiding forms are also twisted. Theorem 3.6. Let (H, µ, ∆, α, R) be a cobraided Hom-bialgebra.
Proof. Consider the first assertion. As in the proof of Theorem 3.4, by an induction argument it suffices to prove that H 1 is a cobraided Hom-bialgebra. Since H 1 is known to be a Hom-bialgebra by Theorem 2.11, it remains to establish the three conditions (3.5.1) for H 1 .
The axiom (3.5.1a) for H 1 says
The left square is commutative by definition. The right square is commutative by the axiom (3.5.1a) for H. Likewise, the axiom (3.5.1b) for H 1 says
Again the left square is commutative by definition, and the right square is commutative by the axiom (3.5.1b) for H. Finally, the axiom (3.5.1c) for H 1 says
The left rectangle and the bottom right rectangle are commutative by definition. The top right square is commutative by the axiom (3.5.1c) for H. This finishes the proof of the first assertion of the Theorem.
Next consider the second assertion. It is proved in [56] (Theorem 5.1) that for a cobraided Hombialgebra H with α injective, the object H 0,k = (H, µ, ∆, α, R α k ) is also a cobraided Hom-bialgebra for each k ≥ 0. Now apply the first assertion to H 0,k , and observe that (H 0,k ) n = H n,k .
Representations of Hom-algebras
The purpose of this section is to study (co)modules over Hom-(co)associative (co)algebras. We first establish the second Twisting Principle 2.5 for modules over Hom-associative algebras. In particular, we show that each module over a Hom-associative algebra gives rise to a derived doublesequence of modules with twisted actions (Corollary 4.4). For the first Twisting Principle 2.5, starting with a module in the usual sense and a suitable pair of morphisms, we obtain a derived double-sequence of modules over Hom-associative algebras (Theorem 4.5). As examples, we construct multi-parameter, uncountable classes of modules over the Hom-quantum enveloping algebras U q (sl n ) α λ (Examples 4.8 -4.10). The Twisting Principles for modules over Hom-associative algebras can be dualized to comodules over Hom-coassociative coalgebras (Theorems 4.11 and 4.12). 
A morphism f : M → N of A-modules is a morphism of the underlying Hom-modules that is compatible with the structure maps, in the sense that
A morphism f : M → N of C-comodules is a morphism of the underlying Hom-modules that is compatible with the structure maps, in the sense that (
Note that the (co)multiplicativity conditions in (4.1.1) and (4.1.3) are equivalent to ρ being a morphism of Hom-modules. The following result is a version of the second Twisting Principle 2.5 for modules over a Hom-associative algebra. Proof.
by an induction argument it suffices to prove the Theorem for the case n = 1. In other words, we need to prove that ρ
gives M the structure of an A-module. To check this, first observe that the multiplicativity (4.1.1) of ρ 1,0 says
The top rectangle is commutative because both compositions are equal to α 2 A ⊗ α M . The bottom rectangle is commutative by the multiplicativity of ρ.
Likewise, the Hom-associativity (4.1.1) of ρ 1,0 says
This is true by the following commutative diagram: 
an induction argument it suffices to prove the case k = 1. In other words, it suffices to prove that
A ). First, the multiplicativity (4.1.1) in this case says
The two rectangles on the left are commutative by the multiplicativity of α A and α M with respect to ρ, i.e., (4.1.1) for the A-module M .
Next, the Hom-associativity (4.1.1) in this case says
). This is true by the following commutative diagram:
The lower left and the upper right rectangles are commutative by the multiplicativity for the Amodule M . The upper left rectangle is commutative by the Hom-associativity for the A-module M .
Starting with a given module over a Hom-associative algebra, we now combine Theorems 4.2 and 4.3 to obtain a derived double-sequence of modules. 
For any integers n, k ≥ 0, define the map 
To prove that M α is an A α -module with structure map ρ α = α M • ρ, we need to prove the two axioms in (4.1.1). First, the multiplicativity for ρ α says
The left rectangle is commutative by the assumption (4.5.1). On the other hand, the Homassociativity for ρ α says
Here the top horizontal and the left vertical compositions are µ α ⊗ α M and α A ⊗ ρ α , respectively. The top left rectangle is commutative because M is an A-module in the usual sense. The top right and the bottom left rectangles are commutative by the assumption (4.5.1). We have shown that M α is an A α -module with structure map ρ α . 
. Theorem 4.5 is our main tool for constructing examples of modules over Hom-quantum groups. To use it, we need to check the condition (4.5.1). The following labor-saving result says that we really only need to check (4.5.1) for algebra generators of A and basis elements of M . 
for all a i ∈ X and m j ∈ M . Then (4.5.1) holds, i.e.,
for all a ∈ A and m ∈ M .
Proof. For an element a ∈ A, we say that
We must show that C a holds for all a ∈ A. Since {m j } is a linear basis of M , it follows from the assumption (4.7.1) and the linearity of α M that C ai holds for each a i ∈ X. Since X = {a i } is a set of algebra generators of A, it remains to show the following statements:
(1) If C x holds and c ∈ k, then C cx holds.
(2) If C x and C y hold, then so does C x+y . (3) If C x and C y hold, then so does C xy .
The first two statements are immediate from the definition of C a . For the last statement, pick an arbitrary element m ∈ M . Using C x , C y , and the fact that M is an A-module, we have
In the last equality above, we used the assumption that α A is an algebra morphism. Thus, C xy holds, as desired.
Using Theorem 4.5 and Proposition 4.7, we now construct multi-parameter classes of modules over the Hom-quantum enveloping algebras U q (sl n ) α λ (Examples 2.9). Example 4.8 (Finite dimensional modules over U q (sl 2 ) α ). Recall from Example 2.9 the Homquantum enveloping algebra U q (sl 2 ) α λ , where the bialgebra morphism α λ : U q (sl 2 ) → U q (sl 2 ) is defined on the algebra generators by
for a fixed invertible scalar λ ∈ C. In this example, we construct four-parameter, uncountable classes of finite-dimensional derived modules over the Hom-quantum enveloping algebras of sl 2 by applying Theorem 4.5 to finite-dimensional simple U q (sl 2 )-modules. The references for these simple U q (sl 2 )-modules are [30, 40] .
Assume that q ∈ C \ {0} is not a root of unity. For each integer n ≥ 0 and ǫ ∈ {±1}, there is
where v −1 = 0 = v n+1 and the q-integers were as defined in (2.10.2). To use Theorem 4.5 on the simple U q (sl 2 )-module V (ǫ, n), we need linear maps on V (ǫ, n) such that (4.5.1) is satisfied. Such maps can be constructed as follows.
Pick any scalar ξ ∈ C, and define α ξ :
for all i. We claim that α λ and α ξ satisfy (4.5.1), i.e.,
for all u ∈ U q (sl 2 ) and v ∈ V (ǫ, n). By Proposition 4.7 we only need to check (4.8.4) for the algebra generators u ∈ {E, F, K ±1 } of U q (sl 2 ) and for the basis elements v ∈ {v i } n i=0 of V (ǫ, n). When u = K ±1 , we have
Likewise, when u = E, we have
Finally, when u = F , we have 
More explicitly, using (4.8.1), (4.8.2), and (4.8.3), we have
Given n ≥ 0, we have constructed an uncountable, four-parameter family
, ξ ∈ C, r, k ≥ 0} of (n + 1)-dimensional derived modules over the Hom-quantum enveloping algebras U q (sl 2 ) β . We recover the original (n + 1)-dimensional simple U q (sl 2 )-module V (ǫ, n) by taking λ = ξ = 1, since in this case both β and α ξ are the identity maps.
Example 4.9 (Hom-Verma modules over U q (sl 2 ) α ). In this example, we construct a fourparameter, uncountable class of infinite-dimensional derived modules over the Hom-quantum enveloping algebras of sl 2 by applying Theorem 4.5 to the Verma modules over U q (sl 2 ). The references for the Verma modules are [6] (Chapter 10) and [24] (Chapter VI).
We keep the notations of the previous example, so we are still working over C, and q ∈ C \ {0} is not a root of unity. Pick any non-zero scalar η ∈ C, and consider the infinite-dimensional C-module M q (η) with a basis {v i : i ≥ 0}. Then M q (η) is a U q (sl 2 )-module, called the Verma module, where the U q (sl 2 )-module action ρ is determined by
We claim that (4.5.1) holds in this situation. By Proposition 4.7 it suffices to check (4.5.1) for the algebra generators {E, F, K ±1 } of U q (sl 2 ) and for the basis elements v i ∈ M q (η). The necessary computation is similar to the previous example. We have
, one uses the computation (4.8.5) with ǫq n−2i replaced by ηq −2i .
Therefore, by Theorem 4.5, for any integers r, k ≥ 0, there is an infinite-dimensional
More explicitly, using (4.8.1), (4.8.3), and (4.9.1), we have
where v −1 = 0. Given a non-zero scalar η ∈ C, we have constructed an uncountable, four-parameter family {M q (η) r,k α : λ ∈ C \ {0}, ξ ∈ C, r, k ≥ 0} of infinite-dimensional derived modules over the Hom-quantum enveloping algebras U q (sl 2 ) β . We recover the original Verma module M q (η) by taking λ = ξ = 1.
Example 4.10 (Finite dimensional modules over U q (sl n ) α ). Assume that q ∈ C \ {0} is not a root of unity, and fix an integer n ≥ 2. In this example, we construct an uncountable, (n + 2)-parameter family of n-dimensional derived U q (sl n ) α -modules by twisting some standard U q (sl n )-modules [17] (Example 4.2.7). Here U q (sl n ) α are the Hom-quantum enveloping algebras of sl n constructed in Example 2.9, whose Cartan matrix is described in (2.9.3). In particular, the quantum enveloping algebra U q (sl n ) is generated as a unital algebra by
with relations (2.9.1). The bialgebra morphism α λ :
. It is a U q (sl n )-module whose structure map ρ is determined by
(4.10.1)
Fix a scalar ξ ∈ C. Consider the linear map α ξ : V n → V n defined by
where, when i = 1, the empty product λ 1 · · · λ i−1 is taken to mean 1. We claim that (4.5.1) holds, i.e., α ξ (uv) = α λ (u)α ξ (v) for all u ∈ U q (sl n ) and v ∈ V n . By Proposition 4.7 it suffices to check this for the algebra generators u ∈ {E i , F i , K
of U q (sl n ) and for the basis elements v ∈ {v i } n i=1 of V n . This is easily checked on a case-by-case basis as in the previous two examples. In fact, we only need to consider the pairs (u, v) where uv = 0 in (4.10.1). We have
Likewise, we have
Finally, for the case u = K ±1 i with a fixed i ∈ {1, . . . , n − 1}, set
Therefore, by Theorem 4.5, for any integers r, k ≥ 0, there is an
More explicitly, using (2.9.5), (4.10.1), and (4.10.2), we have
In summary, given n ≥ 2, we have constructed an uncountable, (n + 2)-parameter family {(V n ) r,k α : λ 1 , . . . , λ n−1 ∈ C \ {0}, ξ ∈ C, r, k ≥ 0} of n-dimensional derived modules over the Hom-quantum enveloping algebras U q (sl n ) β . We recover the original U q (sl n )-module V n by taking λ 1 = · · · = λ n−1 = ξ = 1. 
Then each ρ n,k gives the Hom-module
Theorem 4.12. Let (C, ∆ C ) be a coassociative coalgebra and M be a C-comodule in the usual sense with structure map ρ : M → C ⊗M . Suppose α C : C → C is a coalgebra morphism and
Module Hom-algebras
Module-algebras play an important role in quantum group theory. In this section we study the Hom version of a module-algebra, called a module Hom-algebra, which consists of a Hom-associative algebra with a suitable module action by a Hom-bialgebra. In Theorem 5.4 we provide an alternative characterization of the module Hom-algebra axiom (5.1.1). Then we establish the two Twisting Principles 2.5 for module Hom-algebras (Theorems 5.5 and 5.6). Examples of module Hom-algebras related to Hom-quantum geometry on the Hom-quantum planes (Example 2.7) are considered in Examples 5.7 and 5.8.
Before we give the definition of a module Hom-algebra, let us first recall the definition of a module-algebra. Let H be a bialgebra and A be an associative algebra. Then an H-modulealgebra structure on A consists of an H-module structure ρ : H ⊗ A → A, written ρ(x, a) = xa, such that the module-algebra axiom
is satisfied for all x ∈ H and a, b ∈ A. Recall that we use Sweedler's notation ∆(x) = (x) x 1 ⊗ x 2 for comultiplication. In element-free form, the module-algebra axiom is
where (2 3) = Id H ⊗ τ H,A ⊗ Id A and τ H,A : H ⊗ A → A ⊗ H is the twist isomorphism.
We already defined Hom-associative algebras, Hom-bialgebras (Definition 2.3), and modules over a Hom-associative algebra (Definition 4.1). So to define the Hom version of a module-algebra, we need a suitable Hom-type analog of the module-algebra axiom.
Definition 5.1. Let (H, µ H , ∆ H , α H ) be a Hom-bialgebra and (A, µ A , α A ) be a Hom-associative algebra. A H-module Hom-algebra structure on A consists of an H-module structure ρ : H ⊗A → A (as in Definition 4.1) such that the module Hom-algebra axiom
is satisfied for all x ∈ H and a, b ∈ A, where ρ(x, a) = xa.
In element-free form, the module Hom-algebra axiom (5.1.1) is
An H-module Hom-algebra with α H = Id H and α A = Id A is exactly an H-module-algebra in the usual sense. We will prove the Twisting Principles 2.5 for module Hom-algebras. Before that let us give a more conceptual characterization of the module Hom-algebra axiom (5.1.1). To do that we need the following preliminary result. 
Proof. We need to prove the two conditions in (4.1.1) for ρ MN and α M ⊗ α N . First, the multiplicativity condition for ρ MN says
The top rectangle is commutative by the comultiplicativity in H. The middle rectangle is commutative by definition. The bottom rectangle is commutative by the multiplicativity for ρ M and ρ N .
Next, the Hom-associativity for ρ MN says
To prove (5.2.2), we use the abbreviations:
With these notations, we have
by (2.3.3). The commutativity of the following diagram proves (5.2.2):
Therefore, the module Hom-algebra axiom (5.1.1) is equivalent to
This equality is equivalent to µ A : A ⊗2 → A being a morphism of H-modules (see (4.1.2)), provided A ⊗2 and A are equipped with the H-module structure maps ρ AA and ρ 2,0 , respectively.
We now prove the Twisting Principles 2.5 for module Hom-algebras along the lines of Corollary 4.4 and Theorem 4.5. We begin with the following version of the second Twisting Principle, which says that every module Hom-algebra gives rise to a derived double-sequence of module Hom-algebras.
Theorem 5.5. Let H = (H, µ H , ∆ H , α H ) be a Hom-bialgebra, A = (A, µ A , α A ) be a Hom-associative algebra, and ρ : H ⊗ A → A be an H-module Hom-algebra structure on A. For any integers n, k ≥ 0, define the map 
Proof. Exactly as in Corollary 4.4, since ρ n,k = (ρ n,0 ) 0,k , it suffices to prove the cases ρ n,0 and ρ 0,k . 
For the case ρ 0,1 = α A • ρ, the H 1 -module Hom-algebra axiom for A 1 (5.1.2) says 
{ { w w w w w w w w w w w w w w w w w w w To use Theorem 5.6, we need to check the condition (5.6.1). Using Proposition 4.7, it suffices to check (5.6.1) on a set of algebra generators of H and a linear basis of A. As an illustration of Theorem 5.6, let us consider Hom-quantum geometry on the Hom-quantum planes. We begin with Hom-type analogs of a well-known U q (sl 2 )-module-algebra structure on the quantum plane.
Example 5.7 (Hom-quantum geometry on the Hom-quantum planes, I). Here we work over the ground field C. Assume q ∈ C is not a root of unity. In this example, we construct classes of U q (sl 2 ) α λ -module Hom-algebra structures on the Hom-quantum planes A 2|0 q,α by applying Theorem 5.6 to a standard U q (sl 2 )-module-algebra structure on the quantum plane A 2|0 q . Recall the quantum enveloping algebra U q (sl 2 ) and the Hom-quantum enveloping algebra U q (sl 2 ) α λ from Example 2.9, where α λ : U q (sl 2 ) → U q (sl 2 ) is defined by α λ (K ±1 ) = K ±1 , α λ (E) = λE, and α λ (F ) = λ −1 F (5.7.1) with λ any fixed non-zero scalar in C. Also recall from Example 2.7 the quantum plane A with ξ ∈ C any fixed scalar.
Let us first recall the relevant U q (sl 2 )-module-algebra structure on the quantum plane A 2|0 q . The references here are [24] (VII.3) and [37] . This U q (sl 2 )-module is defined using the following quantum partial derivatives. For a monomial x m y n ∈ A where [n] q is the q-integer defined in (2.10.2). These quantum partial derivatives extend linearly to all of A 2|0 q . Also, for P = P (x, y) ∈ A 2|0 q , define σ x (P ) = P (qx, y) and σ y (P ) = P (x, qy).
Then there is a U q (sl 2 )-module-algebra structure ρ : U q (sl 2 ) ⊗ A 2|0 q → A 2|0 q on the quantum plane A 2|0 q determined on the algebra generators by EP = x(∂ q,y P ), F P = (∂ q,x P )y, KP = σ x σ −1 y (P ) = P (qx, q −1 y), and
x (P ) = (q −1 x, qy). Finally, for the generators K ±1 ∈ U q (sl 2 ) and P = P (x, y) ∈ A 2|0 q , we have α(K ±1 P ) = α(P (q ±1 x, q ∓1 y)) = P (q ±1 ξx, q ∓1 ξλ −1 y)
We have proved (5.7.5).
By Theorem 5.6, for any integers l, k ≥ 0, the map In summary, we have constructed an uncountable, four-parameter (λ ∈ C \ {0}, ξ ∈ C, l, k ≥ 0) family of U q (sl 2 ) γ -module Hom-algebra structures on the Hom-quantum planes (A 2|0 q ) β . We recover the original U q (sl 2 )-module-algebra structure ρ (5.7.4) on the quantum plane A 2|0 q by taking ξ = λ = 1.
Example 5.8 (Hom-quantum geometry on the Hom-quantum planes, II). The U q (sl 2 )-module-algebra structure on the quantum plane (5.7.4) considered in Example 5.7 is not the only one. In this example, we consider Hom-type analogs of one such non-standard U q (sl 2 )-module-algebra structure on A 2|0 q . The reader is referred to [9] for a complete classification of U q (sl 2 )-module-algebra structures on the quantum plane. Following the setting of [9] , we assume that 0 < q < 1.
According to [9] (Theorem 9 and Proposition 18), there is a U q (sl 2 )-module-algebra structure ρ : U q (sl 2 ) ⊗ A be defined as α(x) = x and α(y) = λ −1 y, which is (5.7.2) with ξ = 1. We claim that Theorem 5.6 can be applied here, i.e., that the condition
hold. Using Proposition 4.7, it suffices to check this condition for the algebra generators {E, F, K ±1 } of U q (sl 2 ) and for the monomials x m y n ∈ A In summary, we have constructed an uncountable, three-parameter (λ ∈ C \ {0}, l, k ≥ 0) family of U q (sl 2 ) γ -module Hom-algebra structures on the Hom-quantum planes (A 2|0 q ) β . We recover the original U q (sl 2 )-module-algebra structure ρ (5.8.1) on the quantum plane A 2|0 q by taking λ = 1.
